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Abstract 



We study quasi-morphisms on the group of compactly supported area-preserving 
diffeomorphisms of a closed two-dimensional disc. In this paper we discuss pos- 
sible variations of Gambaudo-Ghys construction, using quasi-morphisms on the 
groups P n of pure braids on n strings. There arises a natural question: How to 
build quasi-morphisms of geometric origin on P n l We show that for this purpose 
it is possible to use knot invariants which satisfy specific properties. In particular 
we study quasi-morphisms which come from knot Floer homology and Khovanov- 
type homology. We also compute values of the homogeneous quasi-morphisms, 
obtained by this construction, on the time-one flow of a generic time-independent 
Hamiltonian in terms of its Reeb graph. 

1 Introduction 

Real-valued quasi-morphisms are known to be a helpful tool in the study of algebraic 
structure of non-Abelian groups, especially the ones that admit a few or no (linearly 
independent) real-valued homomorphisms. Recall that a quasi-morphism on a group G 
is a function ip : G — > M which satisfies the homomorphism equation up to a bounded 
error: there exists > such that 



for all a,b G G. A quasi-morphism ip is called homogeneous if (p(a m ) = imp (a) for all 
a G G and m G Z. Any quasi-morphism ip can be homogenized: setting 



ip(ab) — ip(a) — <p(b)\ < K L 




(1) 



we get a homogeneous (possibly trivial) quasi-morphism ip. 
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The group T> of compactly supported area-preserving diffeomorphisms of a closed 
two-dimensional disc is known to admit many (linearly independent) homogeneous quasi- 
morphisms (see e.g. [I], [12], [6]). In this paper we consider a particular construction, 
due to Gambaudo and Ghys [12], which produces quasi- morphisms on V from quasi- 
morphisms on the groups P n of pure braids on n strings. The quasi-morphisms on 
P n are constructed, in turn, from certain invariants of n-component links in IR 3 in the 
following way: close up a pure braid in a link in the standard way and take the value 
of the invariant on that link. The link invariant used by Gambaudo and Ghys is the 
signature. To show that the homogenization of the resulting quasi-morphism on T> 
is non-trivial, Gambaudo and Ghys evaluate it on a diffeomorphism generated by a 
(compactly supported) time-independent radially symmetric Hamiltonian function on 
the disc (i.e. on a diffeomorphism which is the time-1 map of the Hamiltonian flow 
generated by the Hamiltonian function). 

In this paper we discuss possible variations of the Gambaudo-Ghys construction in- 
volving other link and knot invariants. In particular, we formulate sufficient conditions 
for a knot invariant to yield a quasi-morphism on the full braid group B n on n strings and 
so on P n . We also consider two specific remarkable knot/link invariants: the Rasmussen 
link invariant s |25J, which comes from a Khovanov-type theory, and the knot invariant 
r [23], which comes from the Ozsvath-Szabo knot Floer homology. In [2 J Baader has 
shown that the Rasmussen invariant s defines a quasi-morphism on B n . We show that 
the homogenization of this quasi-morphism is equal to the classical linking number ho- 
momorphism on B n . We also show that the situation with the Oszvath-Szabo invariant 
r is similar: it defines a quasi-morphism on B n and its homogenization is again the 
linking number homomorphism multiplied by 2. In both cases the resulting homoge- 
neous quasi-morphisms on T> are homomorphisms, equal, up to a non-zero multiplicative 
constant, to the Calabi homomorphism. 

We also discuss the computation of the quasi-morphisms on V, obtained by Gambau- 
do-Ghys construction, on a diffeomorphism generated by a time-independent (com- 
pactly supported) Hamiltonian H. For a generic Hamiltonian H of this sort we present 
the result of the computation in terms of the Reeb graph of H and the integral of the 
push-forward of H to the graph against a certain signed measure on the graph. This re- 
sult enables us to show that the Calabi homomorphism and the induced signature quasi- 
morphism on D are asymptotically equivalent on flows generated by time-independent 
(compactly supported) Hamiltonians. 

The problem of computing any of the Gambaudo-Ghys quasi-morphisms on other 
elements of T> seems to be much more difficult (see Section [6] for a related question). 

Plan of the paper. In Section 2 we discuss the Gambaudo-Ghys construction. 
In Section 3 we formulate sufficient conditions for a knot invariant to yield a quasi- 
morphism on the full braid group B n . In Section 4 we give examples of such knot 
invariants and homogeneous quasi-morphisms on the group T> defined by them. In 
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Section 5 we define a set of generic time-independent Hamiltonians, and discuss the 
computation of the quasi-morphisms (defined by knot invariants) on the elements of T> 
generated by these Hamiltonians. In Section 6 we discuss some open problems. 

Acknowledgments. First of all, I would like to thank Michael Entov, who has 
introduced me to this subject, guided and helped me a lot while I was working on this 
paper. I would like to thank Michael Polyak for his valuable suggestions in the course of 
my work on this paper. I would like to thank Leonid Polterovich for helpful comments 
and for giving me the opportunity to present a part of this work at the Geometry and 
Dynamics seminar in Tel Aviv University. 

2 Gambaudo-Ghys construction 

In this section we recall the construction of homogeneous quasi-morphisms on the group 
T> = Dif f°°(3 2 ,d3 2 ,area) of area-preserving diffeomorphisms of the closed unit disc 
D 2 C M. 2 identical near the boundary. Denote the space of Hamiltonians H : O 2 x [0, 1] — > 
M, such that the support of H t := H(-,t) is compact for any t, by 7i. We will denote 
the space of autonomous (i.e. time-independent) Hamiltonians by 7io- 

Let us now recall a few preliminaries concerning quasi-morphisms and braids. 

The defect of a quasi- morphism ip on a group G is a minimal positive number D v , 
such that \ip(gh) — ip(g) — (p(h)\ ^ D v for all g,h G G. 

Throughout the paper the induced homogeneous quasi-morphism obtained by the 
homogenization of ip (see ([T])) will be denoted by ip. 

Denote by B n the group of braids on n strands. The pure braid group P n C B n 
can be identified with the fundamental group irx(X n ,z) of the space X n of the ordered 
n-tuples of distinct points in D 2 , where z — (zi, . . . , z n ) G X n is a base point in X n . 

Denote by <7i, . . . , cr n -i the standard generators of B n . The braid length l( / y) of 
7 G B n is the length of the shortest word representing 7 with respect to the generators 
Cij • • • > 0Vi-i- 

We will work with homogeneous quasi-morphisms on P n which are restrictions of 
homogeneous quasi-morphisms on B n , or, equivalently ( see e.g. [IS]), with homogeneous 
quasi-morphisms tp : P n — > R such that <p(h) = ip(g~ 1 hg) for all g G B n and h G 
P n . Such a quasi-morphism on P n will be called B n -invariant. This is a technical 
condition— the results below are likely to hold for all homogeneous quasi-morphisms on 

The following construction, due to Ghys and Gambaudo [12], takes a 5„-invariant 
homogeneous quasi-morphism on P n and produces from it a quasi-morphism on T>. 

Let x = (xi, . . . , x n ) be any point in X n . Take g G V and any path g t , < t < 1, in 
T> between Id and g. Connect ~z to x by the straight line in (D 2 ) n , then act on x with the 
path g t , and then connect g(x) to x by the straight line in (D 2 ) n . We get a loop in (D 2 ) n . 
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In coordinates it looks as follows. Connect to Xj by straight lines : [0, |] — > D 2 in 
the disc, then act with the path g^t-i, § < t < |, on each Xj, and then connect g(x«) to 
by straight lines [2,1 : [|, l] — > D 2 in the disc, for all 1 < z < n. It is a well known fact 
that T> coincides with the group of compactly supported Hamiltonian diffeomorphisms 
of D 2 (see e.g. [20J ) . Thus any identity-based path {h t } in V, < t < 1, can be viewed 
as a Hamiltonian flow generated by a (time-dependent) Hamiltonian H : D 2 x [0, 1] — > M, 
such that the support of H t := H(-,t) is compact for any t. It follows that for almost 
all n-tuples of different points x%, . . . ,x n in the disc the concatenations of the paths 
h ti : [0, §] -> D 2 , g3t -i : [~, |] -> D 2 and [ 2)i : [|, l] -> D 2 , i = 1, . . . , n, yield a loop in 
X n . The homotopy type of this loop is an element in P n , which is independent of the 
choice of g t because V is contractible [ID] . We will denote this element by ^{g;x). 
Let be a I? n -invariant homogeneous quasi- morphism on P n . Set 

<%) = J y{i{g;x))dx, (2) 



- n ■ 



where dx = dx\ ■ . . . ■ dx r , 
Lemma 2.1 (c.f. [I2])- The function $ is well defined. It is a quasi-morphism on T> . 
As an immediate corollary we get that the formula 



$(g) := lim - / (p(~/(g p ;x))dx 

p^oo p J 



yields a homogeneous quasi-morphism $ : T> — > M.. 

Proof. Step 1. Let us prove that < 00 for h G T>. 

For any isotopy ht, < t < 1, in T> between h = hi and Id, and any x e X n denote 



_ h t (Xj) - htjxj) x 
||/i t (^)-^) II ' l ' J 



Denote by 



Lij(x) 



1 

1 





3_ 



dt, (3) 



where || ■ || is the Euclidean norm. Note that Lij(x) is the length of the path l^j 
divided by 2ti. Thus we get the following inequality 

n 

5]2(2^(3S) + 4)>J(7(M))- (4) 

i<j 
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Denote the extension of the 5 n -invariant homogeneous quasi-morphism (p 
to a homogeneous quasi-morphism on B n by the same symbol (p. 

Note that for any homogeneous quasi-morphism tp : B n — > R one has 



< [Dg;+ wax 1^(^)1 )/( 7 ). 
V l<i<n— 1 / 



It follows from (El) that: 



Kl{h;x)) > 



N 



where N = + max |£>(crj)|. 

l<i<n— 1 

Inequalities (jlj) and (jEJ) yield the following inequality: 

\v(l(h;x))\ 



X)2(Ly(3g)+4) 



> 



iV 



It follows that 



< 2A^-wo/((D 2 ) n - 2 )^ 



1 

2^ 



3_ 

at 



dt dec i£ dec j I 



+ 4:Nn(n + l)vol((B 2 ) n ). 
Denote by = h t (xi) — h t (xj) and note that 



Hi, 1 j /■'•' < /■'•' ii/,'-' > 



1^1 



l^ll 3 



It follows from Cauchy-Schwartz inequality that 



< 



2 |||(^)| 
ll^'ll 



Let if G 7i be a 



Note that 



dht(x) 



dt 



amiltonian generating the flow ht, < t < 1. 

= ||(V#t)(/i t (»)|| < max || (V^)(x)||. Denote by 

xGD 2 ,tG[0,l] 

M* = max ||(Vfr t )(*)||. 

a;GD 2 ,te[0,l] 



Thus: 



d_ 

dt 



< 



AM, 



H 



\h t {xi) - h t (xj 



Recall that h t is a Hamiltonian flow and so is area preserving. Then: 
1 



2tt 

xB 2 



d_ 

di 



dtdxidxj < — 



j X ^ X j 



~ dx ^dx j I • 



Note that f jr—^ — udxidxj is well defined, because by Fubini-Tonelli theorem 



/- -dxidxj < f j 
1 1 Xi Xj\\ J J 

l 2 xl 2 O 2 \B s (xj 



| X i X j | 



-dxi + 



/ 



\ 



2 \(D 2 nB s (xj)) 



I Ob ^ X j | 



dx j ■ 



J 



where 5 < \ is some positive constant. Thus by using the polar coordinates on Bg(xj) 
we get 



1 j j /"/or ^/(^ 2> 

dXidXj < j I Z7T0 + 



B 2 xD 2 



J X -i X j 



B 2 



dxj = 7T 2 ( 25 + ^ } . 



Denote by N' = ANn(n + 1) 



vol((J$ 2 ) n ~ 2 ) 



2tt 



/ j^dxdx A +vol((B 2 r)\, then 



\$(h)\ <N'-M H . 

Step 2. Let us prove that $ is a quasi-morphism. Let g\ and g 2 be elements of V. 
Note that for almost all I6l„ 

7(^1^2; z) = 7(^1; 92{x)) ■ i{g 2 ; x) 
The diffeomorphisms g\ and #2 are area-preserving. Thus 



\<&{gig 2 ) - &(gi) - $(92) 



Vn{l{gigt] X)) - Wn{l{g\] 92{x))) - Vn(l(g2; X))dx 



It follows that 



Mg l92 ) - Hgi) - Hg2)\ < J D^. 



□ 



From now on if we have a 5 ra -invariant homogeneous quasi- morphisms ip n : P n 
then the induced homogeneous quasi-morphisms on V will be denoted by $ n . 
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3 Quasi- morphisms on B 



Given a braid 7 G B n , we denote by 7 the link obtained by closing up the braid in the 
standard way. See Figured] for an example. 

One of the ways to find a quasi- morphism on B n is to find an M— valued invariant / 
of (isotopy classes of) links in S 3 so that 

\I(£p) - 1(a) - I@)\ <Kj, 

where Kj > depends only on /. An example of such an invariant is the link signature 
- this was proved in [T2] . 

In this section we will formulate a sufficient condition for a knot invariant under 
which it yields a quasi- morphism on B n . As a corollary we will define another quasi- 
morphism on B n using the knot invariant r, which comes from the knot Floer homology. 
First we will recall some notations from the knot theory. 

The four-ball genus of a knot K in S 3 is the minimal genus of an oriented surface 
with boundary, which is embedded in D 4 and whose boundary is K C S 3 = <9B 4 . It will 
be denoted by g±(K). We denote by Conc(S 3 ) the concordance group of knots in S 3 . 
For any knot K, K* denotes its mirror image, and —K denotes the same knot with the 
reversed orientation. For any two knots K\ and K 2 the knot K 1 ^K 2 represents their 
connected sum. 

Definition 3.1. A braid a G B n is called positive if it can be written as a product of 
only non-negative powers of the standard generators of B n . 

For each k G N we will denote by the set of all words written as a product of 
only non-negative powers of standard generators of B n of the length k. We will define 
a total order on L\ by setting 

01 -< (72 -< . . . -< CT n -l- 





Figure 1: On the left is presented the braid a\ and on the right is presented the positive 
Hopf link of. 
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This order induces a total lexicographic order -< on for any k G N. Thus in each 
subset of Lk there exist a unique word which is minimal with respect to ~< . 

For any braid (3 G B n there exists a unique positive braid otp G B n which satisfies 
the following properties: 

1. The closure of otpfi is a knot. 

2. The braid otp is represented by a unique minimal word in the set L^, where 

k = min{Z(a;)| aj3 is a knot, a is a positive braid}. 

a£B„ 

Definition 3.2. Given a knot invariant I, we define a function 

I : B n — > R, 
by I((3) = I(acp$), where cxp is defined above. 

For example I\p n is defined as follows: J(/3) = /(a/?), where a = o\ • . . . • a n -\. 
Theorem 3.3. Suppose that a knot invariant I defines a homomorphism 

I : Conc(S 3 ) -> K, 

such that \I(K)\ < cg^{K), where c is some positive real constant independent of K. 
Then I defines a quasi-morphism on P n . 

Proof. To simplify the notation we will prove here that I\p n is a quasi-morphism. In 
the same way it is easy to prove that / : B n — > R is a quasi-morphism. 

Take any /3, 7 G P n . Note that there is a saddle cobordism Si with x(^i) = ~ 1 
between (aj#a(3) and (cry U a/3). It is easy to see that a is an unknot, so there is a 
cobordism S2 between a and a closure of an identity braid e with = 1 — n. Then 

there is cobordism S3 between (7US) and 7Ue, such that xiSs) = 1 —n. See Figure El 

In the proof of Theorem 2 in [2] Baader showed that for any 2 braids fi and v in 
B n there is a cobordism of an Euler characteristic — n between fxu and (jlVAv). Thus 
there is a cobordism S4 between cry and 7, such that x{Sa) = 1 — 3n. And so there is 
a cobordism S5 between (cry U a[3) and a/?7, such that x(S , 5 ) = 1 — 4n. So S = S 5 Si 
is a cobordism between (cry^a/?) and a/37, such that x{S) = ~^n. It means that 
the induced cobordism S between (— a/?7 )#(a7#a/3) and (— a/^7 )#a/?7 has an Euler 
characteristic Xw) — — 4n. 

A knot if in S 3 = <9B 4 is called slice if there exists an embedding of the standard 
disc D 2 C M 2 in D 4 such that the image of an embedding of <9B 2 is the knot K. It is a 
well known fact that for any knot K the knot K# — K* is a slice knot. Thus 

(-ar/?7 )#a^7 
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n n 

Figure 2: Cobordism S3 between —(7* U a*) and 7* U e*. 
is a slice knot. Therefore 

2 4 (-(^*)#(^#S)) < 2n, 

where ^4 is the four ball genus. We know that for every knot K the following inequality 
|7(if)| < cg 4 (K). This yields: 

|J(-(^S7*)#(a7#^))l <c-2n. 
Recalling that I{-K*) = -I(K) and I{K X ^K 2 ) = I{K X )+I{K 2 ) finishes the proof. □ 

Remark 3.4. Note that g$ defines a norm on Conc(S 3 ). Theorem l3.3l can be reformulated 
like this. Each element of Hom(C onc(S 3 ) , M), which is Lipshitz with respect to this norm 
defines a quasi- morphism on B n . 

In the next section we will present the following three knot/link invariants: the 
Ozsvath-Szabo knot invariant r, the Rasmussen link invariant s, and the link signature. 
It is well known that all of them satisfy the conditions of Theorem l3.31 Thus by Theorem 
13.31 they define quasi- morphisms on B n . 

4 Examples 

4.1 Signature quasi-morphism 

Now we will recall the definition of the signature link invariant. Let L be an oriented link 
in S 3 , then by the Seifert algorithm [TH] there exists an oriented surface Si with bound- 
ary L. Choose a basis {a%, . . . ,a 29+ |L|_i} in H\(Sl,Z), then there exists a symmetric 
bilinear form on Hi(Sl,Z), which is defined as follows: 

fl(ai, cij) = lk(ai, a~j) + lk(ctj, af), 
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where Ik is the linking number and af is a push of the curve, which represents Cj in Sl, 
from Sl along the positive normal direction to Sl- Tensoring by K we get a symmetric 
bilinear form on Hi(Sl, K). The signature of this form is independent of the choices of 
the Seifert surface and the basis of Hi(Sl,Z>), see [H]. Thus it is an invariant of L and 
is denoted by sign(L). The following proposition was proved by Gambaudo and Ghys 
in [12] • Our Theorem 13.31 gives another proof of this proposition. 

Proposition 4.1. Link signature defines a quasi-morphism on B n . 

We will denote the induced homogeneous quasi-morphism on B n by sign n . The 
induced homogeneous quasi-morphism on V is denoted by Sign nD2 . 

Proposition 4.2. 1. For every n > 2 the homogeneous quasi-morphism si gn n : B n — > R 

is not a homomorphism. 

2. The restriction of sign n to P n is not a homomorphism. 

The proof will be given in Section 5. 
Theorem 4.3. For each g eD generated by an autonomous Hamiltonian 



The proof will be given in Section 5. 
4.2 Rasmussen quasi-morphism 

The Rasmussen invariant s(K) of a knot K in S 3 was discovered by Jacob Rasmussen 
in 2004 (see [22] )• This is a very powerful knot invariant, which, for example, gives 
a lower bound on the four-ball genus of a knot. It comes from the Lee theory, which 
is closely related to the Khovanov homology. For more information see [15] and [17] . 
Recently this invariant was extended to links by Beliakova and Wehrli [5]. It has many 
interesting properties. We list here eight of them: 



lim 



Sign nfi 2(g) 



C(g). 



n— too JC 



n(n — 1) 



s(K) = s(-K), 
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s(K 1 #K 2 )=s(K 1 )+s(K 2 ), 



(9) 



s(K*) 



s(K), 



(10) 



s(K)\<2g 4 (K), 



(11) 



10 



Figure 3: On the left there is a positive crossing and on the right there is a negative 
crossing. 



s(K_) < s(K+) < s(K_) + 2, (12) 

where K + and K_ are knots, which differ by a single crossing and this crossing is positive 
in K + and negative in K- (see Figure [3]). 
For a positive link L 

s(L)=w(D(L))-o(D(L)) + l, (13) 

where D(L) is some positive diagram of L, w(D(L)) is the number of positive crossings 
in (D(L)) minus the number of negative crossings in (D(L)), and o(D(L)) is the number 
of Seifert circles, when the Seifert algorithm is applied to D(L). 

1 + w(D(K)) - o{D(K)) < s(K) < -1 + w(D(K)) + o(D(K)), (14) 

where D(K) is some diagram of a knot K (see [2]). In fact, it is shown in [2] that 
property (114j) follows from properties ( flOl) . (fl~2l) and ( fl~3l) . For an alternating knot K 

s(K) = -sign(K), (15) 

where sign is the signature knot invariant. 

In his paper [2] Baader proved that the Rasmussen link invariant s defines a quasi- 
morphism on the braid group B n , with a defect bounded by n + 1. Alternatively, we see 
that s satisfies properties (El), (EJ), ( fTUl) and ( fTTl) . Thus our Theorem 13.31 proves that s 
defines a quasi- morphism on B n . The induced family of homogeneous quasi-morphisms 
on D is well defined and is denoted by Ras n . 

Theorem 4.4. Suppose that ip : B n — > R is a quasi-morphism defined by a link invari- 
ant, which satisfies property ( 1141) . Then <p = Ik. 
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zl z2 z3 zn 




zl z2 zn 



Figure 4: The braid (3 = o\02 ■ ■ ■ Cn-i an d its closure is an unknot. 

Proof. Take a G B n . Then for all p > there exists a positive braid f3 p in S n , such 

that a p f3 p is a knot and l((3 p ) < L(n), where / is a braid length and L(n) depends only 
on n. For example if a G P n , than we can take (5 P — (3 — o~\ • . . . • o~ n -\ for all p G N. See 

Figure H Note that w{D{aP(3 p )) = lk(a p (3 p ). It follows from the property (EHD that: 

1 + lk(a p (3 p ) -n< f(a p /3 p ) < -1 + lk(a p (3 p ) + n. 

For all p > there exist a constant K{n) > 0, such that |y(/3p)| < K{n). Also note 
that the following inequality \lk(/3 p )\ < L(n) is true for all p > 0, where L(n) is some 
positive real constant. Thus: 

lim -(1 + lk(a p (3 p ) -n)< lim -^{a p (3 p ) < lim -(-1 + lk{a p (3 p ) + n). 

p^oo p ' p—*oo p p— >oo p 

Therefore lim -ip(a p /3 p ) = lk(a). Now ip is a quasi-morphism with a defect JC, and so 

p— >oo P 

- </?K)| < + K v < K{n) + K v . 

It follows that 

l*(a) = lim = lim ^ = 

p^oo p p^oo p 

□ 

Definition 4.5. ^4 ZinA; diagram is called alternating if the crossings alternate un- 
der, over, under, over, and so on as one travels along each component of the link. A 
link is called alternating if it has an alternating diagram. A braid a G B n is called 
alternating if a is an alternating link. 

Corollary 4.6. Each a G B n satisfies s~(a) = lk(a). If 7 G B n is an alternating braid, 
then sign{^) = —lk{^). 
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Proof. The first statement follows directly from Theorem 14.41 

Now we will prove the second statement. For each peN the braid 7 P is alternating 
and there exists an alternating braid (5 P such that 1{(3 P ) < n and r ) p (3 p is an alternating 
knot. It follows from property f fl~5l) that 

lim s,. M ) = _ ,. m wyM = _ lk{l) . 

p^oo p p—*oo p 

Using the fact that sign is a quasi-morphism we get the following equality 

sign(Y(3 P ) v sign(Y) -r— , , 
hm — = lim = signy^j). 

p^oo p p^oo p 

□ 

In [2] Baader defined the following quasi-morphism: 

s-lk + n-1: B n -> K. 

This quasi-morphism maps all positive braids to zero. Therefore it descends to the 
quasi-morphism on B n /(A n ), where is the positive generator of the center Z(B n ) of 
B n . In [2] Baader asked whether this quasi-morphism is bounded for n > 2. Here we 
give a positive answer to this question. 

Proposition 4.7. The quasi-morphism s — Ik + n — 1 : B n —> M is bounded. 

Proof. Take any braid (3 G B n and the positive braid dp defined in Section 3. Using the 
fact that s is a quasi-morphism, s(ap) < n — 1, and lk(cip) < n — 1 we get the following 
inequality 

\s((3) - lk(/3)\ < \a{pa p ) - lk{fia p )\ + 3(n - 1). 
It follows from property ( 1T41) that 

\s(f3ap) — lk((3a>[3)\ < n — 1. 

This yields: 

\s(P) - lk((3) + n - 1| < 5(n- 1). 

The last inequality shows that this quasi-morphism is bounded on B n and thus also on 
B n /(A n ). ' ^ ' n 

The proof of the following theorem is almost identical to the proof of Theorem 2.4 
in [TTJ by Gambaudo and Ghys. It will be presented in Section 5. 

Theorem 4.8. For every g G T> 

Ra7s n (g) = 2n{n-l)it n - 1 -C{g). (16) 
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4.3 r quasi- morphism and the braid number of a knot. 

In [23] Ozsvath and Szabo denned a knot invariant r coming from the knot Floer ho- 
mology. This invariant satisfies in particular the following properties: 

t(K*) = -t(K), (17) 

t(K 1 #K 2 )=t(K 1 )+t(K 2 ), (18) 

t(-K) = t(K), (19) 

\r{K)\<g 4 {K), (20) 

< r(K + ) - t(K-) < 1, (21) 

r{a) = lk ( a )- n + \ (22) 

where a G B n is a positive braid, such that S is a knot. 

The first five properties were proved in the paper of Ozsvath and Szabo [23] and the 
last property was proved by Livingston in 



Proposition 4.9. The knot invariant r defines a quasi-morphism on B n and 

2r = Ik. 

Proof. The first statement follows directly from Theorem 13.31 

Note that property ( 1T41) follows from properties ( |T7I) . ( 12~TT) and ( |22i) . where s is 
substituted by 2r. The lower bound is proved exactly as in [26] and the upper bound 
is true, because of the property (1T7|) combined with the lower bound. Thus the second 
statement follows from the proof of Theorem 14.41 □ 

Recall that every knot K in IR 3 can be presented as a closure of some braid in B n . 
The braid number of K is the minimal such n. It is denoted by br(i^). 

Theorem 4.10. Let s and r be the quasi-morphisms on B n which are induced from 
Rasmussen and Oszvath-Szabo knot invariants. Then for every a G B n the following 
inequality holds \s(a) — 2r(a)\ < 2(n — 1). 

Proof. As we explained before both s and 2r satisfy property ( 1T41) . It means that: 

\s(a) — lk(f3 a a)\ < n — 1 and |2r(a) — lk(j3 a a)\ < n — 1. 
Thus by triangle inequality \s(a) — 2r(a)\ < 2{n — 1). □ 
Corollary 4.11. For every knot K the following inequality holds: 

\s(K) - 2t(K)\ < 2(br(K) - 1). 
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4.4 w-signature quasi-morphisms 

In this section we define for each n > 2 a family of quasi-morphisms on B n and show 
that this family gives a basis for 

S = {tp : A n — >• R| is a homogeneous quasi-morphism on £> n }, 

where A n = (^ n , . . . , ??+ n , T)~ n ). Here 77^ is a pure braid in P n , in which the i— th 
strand makes one twist in the positive direction around previous z — 1 strands, and r]~ n 
is a pure braid in P n , in which the i— th strand makes one twist in the negative direction 
around previous % — 1 strands. 

As we will show in Section 5, in order to evaluate a homogeneous quasi-morphism 
on T>, defined by means of the Gambaudo-Ghys construction, on the time-one flow of a 
generic autonomous Hamiltonian, one only needs to know the values of the corresponding 
quasi-morphism on P n on the set A n . 

Now we will remind the definition of the cu-signature link invariant, where u 7^ 1 is 
a complex number. Let L be an oriented link in S 3 . Choose any Seifert surface Sl . 
Choose a basis {a\, . . . , ci2g+\L\-i} in Hi(Sl, Z) , then there exists a bilinear form B on 
H\(Sl,Z), which is defined as follows: 

B(ai,a,j) = lk(cii,aj), 

where Ik is the linking number and af is a push of the curve, which represents a* in Sl, 
from Sl along the positive normal direction to Sl- Tensoring this form by C, we get a 
bilinear form on Hi(Sl, C). The signature of the following hermitian form on H\{Sl, C) 

VL^a^dj) = (1 -u)B(ai,a~) + (1 -uJ)B(a],ai) 

is independent of the choice of the Seifert surface and the base for Hi(Sl,%), see |18j . 
Thus for each u this signature is a link invariant denoted by sign u (L). 

Gambaudo and Ghys proved in [T2] that sign^ is a quasi-morphism on B n . Alter- 
natively, Theorem 13.31 shows that sign^ is a quasi-morphism on B n . The homogeneous 
quasi-morphism will be denoted as usual by sign^. Recall that the torus link K(p,q) 
has a braid representation (a\ ■ ... ■ cr p _ 1 ) q . 

Suppose that u = e 2m6 , where 9 G [0, 1] n Q. Then it follows from Proposition 5.1 
and Proposition 5.2 in [13] that: 

sign u (K{n, n)) = -2n{n -21 + 1)9 - 21(1 - 1) (23) 
ior — < 9 < l , where 1< I < n. 

71 71. > 
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Proposition 4.12. Let lu = e 2mf) , where 9 E [0, 1] n Q. Then: 



4(1 -i)6, 
4(1-/)(1 
4(1 -i)6, 



4(1 -i)0, 
Proof. Note that K(n,np) = rf 2l 



if < 9 < -, 

i 



if - — - < 9 < -. — -, 2 < I < i - 1, 
i i — 1 

«/ -— ^ <9 <-, 2<l<i-l, 
i — 1 i 

i/ < 6> < 1. 



(24) 



sign^Kin, n)) = sign^^n • ■■■■ Vn,n) = si 9 n u(Vi 



i=2 



Also note that for all l,r EN, such that I > i and r >i, the following equation holds 

sign^Vitk) = sign^rj^r). 

It follows that: 

sign w (r] iyn ) = sign u (K(i,i)) - sign w [K{i 1)). 
After a simple calculation combined with the last equality and ( 1231) we get the result. □ 
Proposition 4.13. Denote by u{9) = ou 2me . Then 

B= ^signjx\ : 2signfi^ -?>sign^(iy...,{n-l)sign/_^ - nsignj^ 

is a basis for S. 

Proof. If n — 2, it is obvious because signet 1^(772,2) = —2. Let n > 2. For 1 < i < n — 1, 



the equality: ^(ra — l)siqn/ 1 \ — nsign^^j (r^n) = follows from (1241) . and also 
we have the following equality: 



(n - l)sign^_j_j - nsign^J (rj n>n ) = 4. 
Note also that sign^r/i^) = signer/in). For 3 < i < n this yields 
(i - l)s^ry^_) - isign^^j (r) j>n ) = 
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for 2 < j < i — 1 and 

((* - - isign^yj (^ >n ) = 4. 

Thus £> is a basis for 5. 

□ 

5 Autonomous Hamiltonians 

Definition 5.1. We say that a function H e H,q is of Morse type if: 

1. There exists a connected open neighborhood U ofdB) 2 , such that dU\dV> 2 is a smooth 
simple curve, H\jj = and H has no degenerate critical points inV> 2 \ U. 

2. There exists a connected open neighborhood V of d3 2 , such that V D U and H\ V \jj 
has no critical points. 

In this section we show that $ is continuous in some sense on the space Tio (see 
Theorem 15.111) . 

It follows from Theorem 2.7 in [2T] that Morse type Hamiltonians form a C 1 -dense 
subset of 7io- For any Hamiltonian H in this subset we present a calculation of $ on 
the time-one flow of H (Theorem 15.41) . Our result is presented in terms of the integral 
of the push-forward of H to the Reeb graph of H against a certain signed measure on 
the graph. 

Now let us explain how we associate to H and tp the Reeb graph T H of H and the 
signed measure /i^ on T H . 

Definition 5.2. A charged tree T is a finite tree equipped with a signed measure, 
such that each edge has a total finite measure. 

Given a tree T with / edges we will number them once and for all and denote them 
by ei, ...,ej. 

Now we are ready to explain how we associate to (H,ip) a charged tree (T^,/i^). 
Let H e H,q be a Morse type function with r critical points in D 2 \ U, where U is as in 
Definition 15.11 Let c = dU \ <9D 2 and suppose that the area of the domain U is 27re for 
some e > 0. 

Step 1. Here we recall the notion of angle- action symplectic coordinates. 

Cut D 2 along the singular level curves inside D 2 \ U, along the curve c, and along 
<9B 2 . We get a r open annuli A{ (a punctured disc is also viewed as an annulus) and 
an open annulus Aq = U°. Each Ai has two boundary components q and di, where 
H\ Ci < H\d i . By Liouville- Arnold theorem (see [TJ) on each of the annuli Ai, there exist 
so-called angle-action symplectic coordinates (Ii,9i), 9i G [0, 27r], and a C°°-function 
h~i ■ [0, 5E£|k4i)] K ; such that on each level curve 5i in A { one has H\$. — hi(Ii), where 
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A5 A4 



Figure 5: Reeb graph which corresponds to the function H with 3 maximum points and 
2 saddle points. 

the coordinate 7; along <5; is equal to the area of the annulus bounded by Si and c«, divided 
by 27r. In these coordinates h t moves points on each level curve with a constant speed 
Take the coordinates (Io,9 ) on A , where I G [| — e, |] is the area coordinate 
divided by 2ti, and 9q is the angle coordinate. Note that ho = 0, and 




Step 2. Here we associate to the Morse type function H 6 7i its Reeb graph. 
Contract each connected component of each level set of if to a point. As a result one 
gets a graph called the Reeb graph of H. It will be denoted by T#. One can check that 
in our case this is a tree. Its vertices correspond to the connected components of critical 
level sets of H. We will view Tjj as a rooted tree with the root being the vertex of T# 
corresponding to the domain U. 

Example 5.3. Figure shows a Reeb graph with 5 edges and 6 vertices, such that 3 of 
them correspond to the maximum points, 2 of them correspond to the saddle points and 
the root corresponds to the region bounded by the curves c and <9B 2 . 
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We call the Reeb graph simple if it has only 2 vertices and one edge. Note that the 
Reeb graph is simple if it corresponds to the monotone radial function, which is constant 
in the neighborhood of zero. 

Step 3. The action coordinate on any of the annuli induces a coordinate Ij on the 
corresponding edge e 3 - of T#. Thus each H G Ho descends to a function h : Th — > K, 
where h(x) = frj(x), and x G ej, for each open edge ej. Here j G {0, ...,a r }. Let's 
define a signed measure /i^ on T# by setting 

^(J,) = (27r)"g^,„)^^(/,) 1 - 1 ^- -7,-J d/,-, 

for each j G {0, . . . , a r }, where Ij is a coordinate on each edge ej. 

Theorem 5.4. Let H G 7io fre a Morse type function, and ip : B n — > R a homogeneous 
quasi-morphism, and $ is £/ie corresponding homogeneous quasi-morphism on V. Then 

5(/n) = y n'd^, (25) 

where hi is the time- one Hamiltonian flow generated by H . 

Sketch of the proof. Suppose that the corresponding Reeb graph Th has / edges. 

Take an n-tuple x — (xi, . . . , x n ) G X„ so that each Xi is not a critical point of H, 

and H(xi) ^ H{xj) for each Xj, £j such that the corresponding points in T H lie on the 

same edge. For the simplicity we will assume that there is a sequence of natural numbers 
i 

{n,i} l i=1 such that rii = n, and the projections of the points xi, . . . , x ni on Th lie on 

i=i 

the edge e±, the projections of the points x„ 1+ i, . . . , x ni+n , 2 on lie on the edge e 2 and 
so on. 

Let h t be a Hamiltonian flow generated by H. Take p G N. Then 

7(/i?;x) = ai,p7i,p(^i;^) • ••■ • 7/, P (^i; ^)«2, P , (26) 

for some 7j jP (/ii;x) G P„, which pairwise commute with each other, and for some 
and a.2, p . The braids G B n and a 2 , P G £>„ depend on x G X„, p G N and if. For all 
n G N there exists a constant M(n) > 0, which depends only on n, such that for each 
x G X n as above and for each p G N this constant satisfies the following inequations: 
|£>(o!i,p)| < M(n), |^(a 2 , P )| < M(n). Each 7i jP (/ii;x) depends on the integer p, the 
function if, the points 

2'ni+n2+...+n i _i+l5 • • • j %ni+n2+...+rii i 

and on the position of the points whose projections on Th do not lie on the edge e^. 
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For (3 G Pk we define /\ m G -Pfc+ m to be an image of (3 under the standard inclusion 
of Pk into P m+ k- It means that /\ m = (3 U Jc/ m , where the identity braid /<i m G P m is 
placed on the right of the braid (3 G Pk- We denote 

, p) T^p^li 3'ni+n2+...+rti_i+l > • • • > ^711+712+...+^) • 

It is easy to see that each 7 i)P (/ii;x) is conjugate to the braid (3(i,p) nitn - ni . Thus the 
conjugacy class of each / ji yP (hi;x) depends only on the integer p, the function H and the 

points X ni _|_ n2 +...+rai_i+l) ■ • • i %n\+n2+...+rii- 

Note that any homogeneous quasi-morphism restricts to a homomorphism on an 
abelian subgroup, and is constant on any conjugacy class. Thus 

1~ _ 1 1~ 
lim ~(p("/(h p x ] x)) = V lim -(p("/ ilP {hi; x)) (27) 

p— »oo p * — ■» p^oo p 

and 



= / lim -<f(j(h{; x))dx = V] / lim -</?(7» )P (/ii; = 
y p— >oo p z — ' y p-+oo p 

V V /lim -fi(f3(i,p) niin - ni )dx. (2£ 

* — i ni ni J " 



X n X n 

I 



i=\ ni,...,n t 
J2 rij=n 



Note that 

f 1 - nj /" 1 

/ lim ~</?(/3(i,p) niiri _ n Jc& = foi(TT TTA,) / lim -<£(/?(z,p) n n _ n Jdx nj , (29) 

j p^oo p J P^oo p 

where dz n . = rfx„ 1+ri2+ ... +rii _ 1+ i • . . . • dx ni+n2+ ... +ni _ 1+ni , Aj is an annulus which corre- 
sponds to an edge ej for all < j < I, and X^ un . is the space of ordered n^— tuples of 
different points in A^. 

Denote the last integral in Equation (129"]) by 3j. Thus equations (I2"H1) and fl2"9"j) tell 
us that in order to compute <3>(/ii) it is enough to know the value 3, for each 1 < i < I. 
We will compute J« by applying action- angle coordinates on the domain Aj. 

From now on we will discuss only the model case, where the function H\ 2\jj has 
2 maximum points and 1 saddle point. The level curves of H are presented in Figure 
El Let us cut the disc into 4 pieces, by cutting it along it critical level curves, which 
passes through the critical points, and by cutting it along a curve c and <9B 2 . We get 
4 open annuli. Denote the 3 open annuli, where H is not identically zero by Ai, A2, 
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Figure 6: Level curves 



and A3. The open annulus A3 is such that the curve c is a connected component of 
d A3. We denote by Aq the other open annulus, see Figure El Set Rt = and 
R2 = ar6 2 ■ Let (Jj, 6i) be angle-action coordinates on Aj for 1 < i < 3, and let (J , #0) 
be the coordinates on A , where Iq is the area coordinate divided by 2n and 9q is the 
angle coordinate. Set w\ = ^-(If), where 1 < i < 3 and 1 < j < n, and note that 

i 

w\ < for all 1 < i < 3 and 1 < j < n, because if has two maximum points. 

Let n be a pure braid in P n , in which the i + k— th strand makes one twist in the 
positive direction around previous i — 1 strands, and let ?7j~ fcn be a pure braid in P n , in 
which the i + A;— th strand makes one twist in the negative direction around previous 
i — 1 strands (see Figure [7]). If k — 0, then instead of /^o,™ we will write 77^. 

For each < kx < n, < k 2 < n, < k 3 < n, < ki + k 2 < k% < n the set: 

4fei ) fe ) ks,n = {vin,Vr,n,Vt,k u n,Vj, kl ,n'Vin,%n\ 2 < * < h, 2 < j < h, k x + k 2 + l < k < k 3 } 

generates an abelian subgroup of P n . It is easy to see that for each 2 < j < k 2 the 
braids rj jtkun and r) j;n are conjugate. Thus <p(r) jtkl)n ) = v(Vj,n)- 

Take the points (Pf, 0}), . . . , (if 1 , G Ai such that P^ < . . . < if 1 . Take the points 
(J 2 \ 61), (J 2 fc2 , e* 3 ) G A 2 such that 4 < . . . < J 2 fc2 . 

Take the points (J 3 fel+fe2+1 , ^ 1+fc2+1 ), . . . , (P^ 3 , 0* 3 ) G A 3 such that I^+ k * +1 < ... < 1^. 
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k i-1 i n-k-i 

Figure 7: The braid r)f k n 
Take the points (J fc3+1 , ^ 3+1 ), . . . , (J n , 0J) e A such that J fc3+1 <...</". We denote 

T _ I t\ rfci rl jk2 rk 1 +k 2 +l 7^3 rn\ 

l — . . . , j j , i 2 , . . . , i 2 ,i 3 , . . . , i 3 ,j ,...,j j, 

and 

= . . . , 2 \ ^o 3+1 , • • • ^o)- 

For each peN the pure braid 

7 (^; 7,0) := 7^; (A 1 , 01), ... , (I*, (4 el),..., (I k 2 \ 6^), 

e^ +1 ), (i^, et), (i k Q * + \ o fc3+1 ), . . . , 

reads as: 

_[~P»f] .J-P™* 1 ] _[-J>u>jjj] _[-p«-2 2 l _[~P»3 1 + fc2 + 1 ] _[-H?] 

a l,P 7 ?2,n ■■■ r lki,n ^2,fci,n • • • ^M,™ %i+fc 2 +l,n • • • % 3 ,n a 2,p, 

where [■] stands for the integer part. 

Using the fact that 77~ fc n = (t^J -1 , <p(r]i,k,n) = &(Vi,n), an d that ^ is a homogeneous 
quasi-morphism, we get: 

j fei fc 2 &3 

lim -^(7(/ii; I, 0)) = £fa,n)«>i + 52 <p(Vi,n)w l 2 + J] cp(r] i;n )w l 3 . 

' i=2 i=2 i=fci+fe 2 +l 

Denote 

fcl fc 2 ^3 

= 5Z ^fa^M + 5Z v(vi,nW 2 + 52 vivi^wi, 

i=2 i=2 i=kx+k 2 +l 

and 

d/ = dl{ . . . dl\ x dl\ . . . dl k2 dl kl+k2+1 . . . dl k3 dl k3+1 . . . dl%. 
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Thus 



n n—ki n „ « 

= n\(2n) n EE E / • • • / Vk M dI, 

fc 1= fc 2 =0 fc 3 =fci+fc 2 +l 



where D^ ^^ C [0, |] xn is the domain which is determined by the following inequali- 
ties: <I{< ...< If 1 < < i£ < ... < J 2 fc2 < i? 2 , 
R 1 + R 2 < J 3 fel+fc2+1 < . . . < J 3 fc3 < \ - e and ± - e < < . . . < J n < \. 

We had to multiply by (27r) n , because there are n angle coordinates. In order to count 
all the ordered n-tuples of points we had to multiply by n\. After a simple computation 
(see |7j) we get 

§(hx) = / Wd^. (30) 



□ 

Proof of Theorem \4-S\ The theorem of Banyaga [3] states that ker(C) is a simple group, 
where C : T> — ► K is a Calabi homomorphism (for various definitions of this homomor- 
phism see [S], [TT] and [20J). Thus there exists a homomorphism u : R — > R such that 
for all g G P 

u(C(^)) = i?as n (^). (31) 

Restricting i?as n and C on a 1-parametric subgroup of P, on which they do not vanish, 
one easily sees that v is continuous. It means that 

K n -C(g) = Ras n (g), (32) 

where K n is some constant in R which depends only on n. 

Take H : D 2 — > R, such that if equals zero near the boundary, and such that H has 
two maximum points and one saddle point. The level curves of H are shown in Figure 
El Denote by g the time-one Hamiltonian flow generated by H. An explicit calculation 
of Ras n using Theorem 15.41 and C on g shows that the homomorphism v has the form 

v(s) = 2n(n-l)n n - 1 ■ s. 

□ 

Remark 5.5. The formula (1251) fits in with Theorem 14.81 when tp = Ik is a canonical 
homomorphism 

such that lk(o~i) = 1, /^(cr^ 1 ) = —1 and <7j is a standard generator of B n . 
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Remark 5.6. For each n > 1 the homogeneous quasi- morphism $ n , defined by a homo- 
geneous quasi-morphism (p : P n — > K, is not continuous in C°-topology. The case n = 2 
was proved by Gambaudo and Ghys in The proof in the case n > 2 is almost 

identical to their proof. 

Recall that sign n : B n — > R is a quasi-morphism for all n > 2. The induced family of 
homogeneous quasi- morphisms was denoted by Sign n]D) 2. In [TJ] Gambaudo and Ghys 
proved that all of them are non-trivial and linearly independent. In the case where the 
Reeb graph of H is simple they showed that 



Sigry D2 (/ii) = J tidnfr. 



Proposition 5.7. For each natural number n we have 

Si(fn n 02 (ht) = nn n J ((1 - 4/)™- 1 — 4(n — 1)1 — l) ti(l)dl, (33) 

where hi is the time-one Hamiltonian flow defined by a Morse type Hamiltonian H. 

Proof. Recall that is a pure braid in P n , in which the i— th strand makes one twist 
in the positive direction around previous % — 1 strands. Using the fact (see page 148 in 
12211 that 



sign n {r} iin ) 



i, if i is even, 



1 — i, if i is odd 
it is easy to prove the following formula: 



^sign n {rj i)n 



i=2 



^Ir 1 \\- x 



^(H^-^sr-sr)- <34> 

Now the proof follows easily from Theorem 15.41 and ( 1341) . □ 



Proof of Proposition 4-2 . Claim 1. Take a braid a n G B n for n > 2, where a n = 
oi • . . . • a n -\. Then it follows from [[22], page 148] that sign n (a n ) = — ^ if n is even, 
and sign n (a n ) = — if n is odd. Thus if n is even then: 

n -t— . . . -r— , t — ' , \ (n - l) 2 - 1 
- 2 = sign n {a n ) + sign n {a n ^) + sign n (a n ^i) = — - 1, 
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and if n is odd then: 

n 2 — 1 n — 1 

= sign n (a n ) ^ s^n n (a n _i) + sign n (a n -i) = 1. 

In 2 

Claim 2. Suppose that sign n : P n — > K is a homomorphism. Then Sign nD 2 : T> — > R 
is a homomorphism. Let C : T> — > R be the Calabi homomorphism. Using the theorem 
of Banyaga [3], which states that ker(C) is a simple group, we get that there exists a 
homomorphism k : R — > R such that 

Sign njB2 = «C. 

Restricting Sign nD2 and C on a 1-parametric subgroup of V, on which they do not 
vanish, one easily sees that k is continuous. Hence n{y) = K n y for all y EM., and 

Sigrw = K n C, 

where K n is some real constant which depends only on n. But using Proposition 15.71 
we see that this is impossible for n > 2. □ 

Proof of Theorem \4-3[ Step 1. Suppose that g is generated by a Morse type Hamilto- 
nian H E Tio- Then using (1331) we get after a simple computation that 

,. Sign D2 (#) 

lim ? -r = -C{g). 

Step 2. Suppose that g is generated by any H eTLq. Then there exists a Morse type 
function F E Tio, which is C 1 -close to H (see Theorem 2.7 in [21]). Now the statement 
follows from Theorem 15.111 □ 

The goal of the remaining part of this section is to show that if H n ► H in 

n—>oo 

C 1 -topology, then lim $(/ii. n ) = ®{h\). Here H„ E Ho, H E Ho, and hi, n , hi are 
Hamiltonian time-one flows generated by H n and H respectively. 

Let g EV and ip t : [0, 1] — > P be such that = -^^ and = We denote 



1 

2^ 



_9 / - jj t (y) 

dt \W t {x)-il> t 



dtdxdy. 



Lemma 1 in [H] shows that G({ipt}) is well defined. Denote by Q(g) = inf^({^}), 
where the infimum is taken over all isotopies in T> joining the identity with g. Lemma 
2 in I'D states that for all g and h in T> 

G(gh)<g( g ) + g(h). 
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Thus the following limit exists: 



C{g) = lim 



G(g n ) 



Proposition 5.8. Let g £ T>, and let (p : B n — > M be a quasi-morphism. Then: 

${g)\<K x C(g), 

where K\ > depends only on n. 

Proof. From the proof of Lemma 12.11 we get the following inequalities: 

i r n 

$(g) < lim - / \!pW,x))\dx< 2N ■ vol((B 2 ) n - 2 )J2 < KiC(g) 

p^oo p J t-^ 



where K x = nN(n + l)vol((W) n ' 2 ) 



□ 



Now we will define a metric on T>. A tangent vector to P at a point g is a Hamiltonian 
vector field X g (see [9]) whose L 2 -norm is defined by: 



IX, 
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\X g (x)\\ 2 dx 



where |.| stands for the standard Euclidean norm. For any path ip t in T> which connects 
g and h, the length of this path is given by the formula: 



Km) 



1 

/ 


dipt 




dt 



dt. 



We define by d2(g,h) = inf l({ip t }), where the infimum is taken over all paths in T> 
joining g with h. One can show that c?2 is a distance function. Thus (T>, d%) is a metric 
space. Note that d is right invariant: d 2 (g, h) = d 2 (gf, hf). 

Corollary 5.9. Let g £ T> , and let if : B n —>■ R be a quasi-morphism. Then: 

Mg)\<K 2 d 2 (Id,g), 

where K 2 > depends only on n. 

Proof. Theorem 1 in [13] says that for any g £ T> there exists some universal constant 
K > 0, such that 

C(g)<Kd 2 (Id,g). 

Now take K 2 = K ■ K\. The statement follows from Proposition 15.81 □ 
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Lemma 5.10. Let F G TLq. Then for any e > and p G N t/iere exists 5 P > 0, such 
that if H G 7i is S p -close to F in C 1 -topology, then 

d 2 {flhl)<e y 

where ft and h t are Hamiltonian flows generated by F and H . 

Proof. For the convenience we normalize the area of D 2 to be 1. First, we will show 
that for all p G N there exists 5i tP > such that 

max ||VF (x) - VH (x) || < 5 hp d 2 (ff, H[) < e. 

xgD 2 



Note that 

d 2 (f! , K) = d 2 (id, fin?) < i({f!K p }). 

It follows from Proposition 1.4.D in [21] that 

(x) = p ■ (sgrad(F) - sgrad(Hf t p )) u v h -v 



dt 

where sgrad is the symplectic gradient. Thus 



d(f!K p ) 



dt 



p- 



(sgrad(F) - sgrad(Hf t p )) {f P h7 v {x)) 

(v^-v(ffr)) (/tVW) " 



Denote by Mnf t = max II (Df, Mm II- Note that f t is an autonomous Hamiltonian 

J /( xeB> 2 ,ts[0,i] 1 [) 

flow. Thus Ff t (x) = F{x) for all x G D 2 and t G E. It follows that Vx G D 2 and Vp G Z 

^ F (h^(x))( D ft P )(ffh-"(x)) = VF (/fV(x))- 

We get the following inequality: 



da(/M!)<P 



IK^ P ) (/f ^ w) l| 2 ||VF (/irPW) -V^ w) |' 2 



dt. 



Take = -(Mrjf t ) p . We get the following inequality 



d 2 (/f, K) < p{M Dft ) p max \\VF(x) - VH{x)\\ < e. 

Denote by 5 P = -^ £ . So we have shown that if H is 5 p -close to F in C 1 -topology then 
d 2 (flh\)<e. ~ ' □ 
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Theorem 5.11. Let F £ TCq. Then for any e, such that 1 > e > 0, there exists 5 > 
such that if H G Ho is 5-close to F in ^-topology then: 

<e, 

where f t and h t are Hamiltonian flows generated by F and H . 

Proof. Let < e < 1, let D$ be the defect of the homogeneous quasi-morphism 

$ : V -> R, 

and let K 2 be the constant which was defined in Corollary 15.91 Take p 6 N such that 
D * +K2 < s. It follows from Lemma 15.101 that there exists 5 P > 0, such that if H is 
(5 p -close to F in C 1 -topology, then d 2 {fi, h\) < 1. Thus we get the following inequality: 



< 



It follows from Corollary 15.91 that: 



Thus 



< 



V 



< e. 



□ 



6 Open problems 

The following three open problems arise naturally in connection with our results. 

Problem 1. Does there exist a knot invariant J, independent from the signatures, r 
and the Rasmussen invariant s, such that / satisfies the conditions of Theorem 13.31 and 
such that the homogenization of the induced quasi-morphism / : P n — > R is non-trivial? 

Problem 2. Surprisingly, the proof of the second claim in Proposition 14.21 - dealing 
with a quasi-morphism on P n - involves the Calabi homomorphism on T>. It would be 
interesting to find a direct proof of this claim. 

Problem 3. The following problem is motivated by a question posed to us by 
L.Polterovich. Denote by T> aut C T> the set of area-preserving diffeomorphisms generated 
by autonomous Hamiltonians. 

Observe that, by our results in Section 14.41 one can find a linear combination $ 
of homogeneous quasi-morphisms sign^ on B n so that the corresponding homogeneous 
quasi-morphism $ : T> —>■ K vanishes on T> aut . 
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On the other hand, using a construction from [12J (completely different from the one 
described in this paper) one can construct more homogeneous quasi-morphisms ty a on 
T> that vanish on T> aut . 

It would be interesting to check whether the quasi- morphism $ is non-trivial and, if 
so, whether it is a linear combination of the quasi-morphisms ty a . 

So far we have not been able to compute explicitly the value of any of the Gambaudo- 
Ghys quasi-morphisms coming from quasi-morphisms on B n on any area-preserving 
diffeomorphism that is not generated by a Hamiltonian flow preserving a foliation. 
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